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Topological Dependence of Runaway 
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Outline 

•  Runaway Vortex: Momentum space topology of primary 
runaway distribution function 

•  Link of avalanche threshold to momentum space 
topological change ó O-X merger (disappearance of 
runaway vortex) 

•  Self-consistent formulation of small and large angle 
collisions è Impact on avalanche threshold and growth 
rate 



Motivation: Avalanche Threshold 

•  The avalanche threshold is a crucial quantity for disruption mitigation 
scenarios 
•  Provides guidance as to what conditions are necessary in order to avoid 

runaway generation through secondary generation 

•  An accurate prediction of the avalanche threshold has proven difficult: 
•  Large amounts of high-Z materials typically present ó resulting collisional 

coefficients highly complex (free-bound, scattering by partially shielded 
nucleus, etc) [Breizman IAEA 2016, Hesslow et al. 2017] 

•  Runaway models typically make different modeling assumptions ó leads 
to order one variation of avalanche threshold [Rosenbluth-Putvinski 1997–
Martin-Solis 2017] 

•  Here we are interested in identifying a robust indicator of the avalanche 
threshold 
•  Independent of specific model assumptions 



Runaway Electrons 

•  Energy of runaway electrons thought to be limited by radiation: 
•  Bremsstrahlung radiation: likely most important for dense 

plasmas with a large impurity content 
•  Synchrotron radiation: most important mechanism in a range of 

parameter regimes (Guo et al. 2017) 

•  Runaway electrons may be 
present when the parallel 
electric field overcomes the 
collisional drag 
•  In the absence of other physics 

electrons can be accelerated to 
arbitrarily high energies 

•  Critical electric field above which 
electrons are accelerated given 
by Connor-Hastie threshold  
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Formation of Primary Electron Tail 

•  For             electrons in a broad 
region of momentum space capable 
of running away 

•  Presence of synchrotron radiation 
constrains “runaway” region 

•  Synchrotron radius damps perpendicular 
energy ó narrow “channel” along ξ=-1 
axis present 

•  Pitch-angle scattering capable of 
transporting electrons out of channel ó 
limits energy of runaway popluation 

γ-1 

ξ 

•  For a sufficiently strong electric field, primary electrons are pinched back 
to ξ=-1 axis 
•  Leads to confinement of runaway electron population 

•  For weaker electric fields, electrons return to bulk: 
•  Pitch-angle scattering prevents electrons from collapsing onto ξ=-1 axis 
•  No effective means of confining runaway electrons 
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Formation of Primary Electron Tail 

•  For             electrons in a broad 
region of momentum space capable 
of running away 

•  Presence of synchrotron radiation 
constrains “runaway” region 

•  Synchrotron radius damps perpendicular 
energy ó narrow “channel” along ξ=-1 
axis present 

•  Pitch-angle scattering capable of 
transporting electrons out of channel ó 
electrons slow down due to sync. rad. 
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1.  For a sufficiently strong electric field, primary electrons are pinched back 
to ξ=-1 axis è runaway vortex 
•  Leads to confinement of runaway electron population 

•  For weaker electric fields, primary electrons return to bulk: 
•  Pitch-angle scattering prevents electrons from collapsing onto ξ=-1 axis 
•  No effective means of confining runaway electrons 
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•  For             electrons in a broad 
region of momentum space capable 
of running away 

•  Presence of synchrotron radiation 
constrains “runaway” region 

•  Synchrotron radius damps perpendicular 
energy ó narrow “channel” along ξ=-1 
axis present 

•  Pitch-angle scattering capable of 
transporting electrons out of channel ó 
electrons slow down due to sync. rad. 

γ-1 

ξ 

1.  For a sufficiently strong electric field, primary electrons are pinched back 
to ξ=-1 axis è runaway vortex 
•  Leads to confinement of runaway electron population 

•  For weaker electric fields, primary electrons return to bulk: 
•  Pitch-angle scattering prevents electrons from collapsing onto ξ=-1 axis 
•  No effective means of confining runaway electrons 

d�

dt̄
= ��C

F

✓
ln⇤

rel

ln⇤
Te

◆
⇡ � 1

�

✓
ln⇤

rel

ln⇤
Te

◆

1/�2C
F

& 1

O (1/ ln⇤
rel

)

n
e

, T
e

, E, B

ln⇤
rel

= ln⇤
NRL

+ ln


c

v
Te

p
2 (� � 1)

�

Z
eff

, ↵ =
⌧
c

⌧
s

, ln⇤
NRL

,
v
Te

c

v2
Te

2c2

ln⇤ = ln⇤
rel

ln⇤ = ln⇤
rel

� ln

p
2 sin

✓
�LA

min

2

◆�

Z = 1� 10, ↵ = ⌧
c

/⌧
s

= 0.05� 0.3

E > E
c

2

Runaway region 

Pitch-angle 
scattering 

Sync. radiation 

? 



Formation of Primary Electron Tail 

•  For             electrons in a broad 
region of momentum space capable 
of running away 

•  Presence of synchrotron radiation 
constrains “runaway” region 

•  Synchrotron radius damps perpendicular 
energy ó narrow “channel” along ξ=-1 
axis present 

•  Pitch-angle scattering capable of 
transporting electrons out of channel ó 
electrons slow down due to sync. rad. 
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2.  For weaker electric fields, primary electrons return to bulk: 
•  Pitch-angle scattering prevents electrons from collapsing onto ξ=-1 axis 
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O-X Merger of Primary Distribution 

•  Topology of momentum space flows 
distinct for the two cases discussed 
above (Guo et al. 2017) 

•  Above threshold: 
•  Runaway vortex present at high energy 
•  Provides a means of confining runaway 

electrons 

•  Below threshold: 
•  All flux lines return to electron bulk 
•  No means of confining runaway 

electrons 

•  Threshold for runaway vortex distinct 
from Connor-Hastie threshold: 
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Primary Runaway Distribution 

•  Bump and energy spread of 
distribution set by runaway vortex  

•  Threshold for bump is distinct from 
O-X merger threshold               

•  Presence of runaway vortex does not 
imply a bump in runaway distribution 
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consistent with the increase of the local gradient length scale
in the middle of the runaway vortex.

Substituting equation (19) into equation (15), we can
solve for the xG =x p, 0( ) curve in phase space. These are
shown in figure 6. On the right side of the blue curve G =x 0,
the runaway distribution is sufficiently pinched along x = -1
that pitch-angle diffusion due to Coulomb collisions is
dominant so electrons tend to be pushed out of the narrow
acceleration channel. On the left side of this curve, the electric
field squeezing effect dominates and pushes electrons toward
x = -1 and into the acceleration channel. Therefore, a local
circulating pattern forms around an O point which corre-
sponds to the cross-point of the two curves: G = 0p and
G =x 0. In other words, the O point is a fixed point where the
net force on runaway electron vanishes. In the bottom plot of
figure 6, we see that the simple model predicted O point
agrees with the simulation result.

When the electric field increases, it is straightforward to
show from the above model that the curve G =x 0 moves to
higher energy, and the curve G = 0p moves to higher pitch-
angle. It implies that the O point and the associated RE vortex
structure should move to higher energy (p) for higher electric
field. This is indeed confirmed by our simulation results with
a smaller electric field E2.0 c and a higher field E2.5 c shown in
figure 8. The RE population within the vortex is enhanced by
almost ten orders of magnitude when E increases from E2 c

to E2.5 c.
The simple analytical model is similar to the one given in

[16] but with two differences: (1) the perpendicular energy
channel for runaway acceleration in [16] is only the large p
limit of equation (16); (2) we considered the vortex width
effect in broadening the pitch-angle distribution, which yiel-
ded equation (19) from equation (16). A detailed comparison
between our model and the simulation data will be given in
section 5. By not taking the large p limit, our model can be
used to understand the vortex structure as opposed to just the
location of the O point. As p decreases, both G = 0p and

G =x 0 curves given by equations (14) (15) bend toward
x = -1 shown in the top plot of figure 8. The two curves
from the model cross again near ~p 2 and x ~ -0.8. This
crossing point in fact corresponds to the X point shown in the
phase-space flux. To the left of this X point, an additional
vortex structure forms by connecting to the thermal electron
bulk. However, within the thermal energy range, the dis-
tribution becomes more isotropic and the x ~ -1 approx-
imation becomes inappropriate. The electric field squeezing
effect in pitch-angle flux becomes dominant, seen from
equation (15), such that the total flux goes from x = 1 to
x = -1 in the thermal energy region and then enters the
acceleration channel (G > 0p ) via energy diffusion. Outside
the two local vortex structures, a small but non-negligible
amount of electrons then forms a global circulation flow
connecting the thermal energy phase-space region to the
runaway energy phase-space region. Producing a bump in
runaway distribution in energy crucially depends on the
presence of a vortex structure in the relativistic region of the
phase space.

Computing the energy distribution after integration over
pitch-angle can more directly illustrate the size of runaway
electron population and the energy/current carried by them.
Figure 9 shows the RE energy distribution, xá ñxf p, ,( ) at
different electric fields. Compared to the 2D distribution, we
can easily see that the vortex structure in xp,( ) space is
associated with the bump in RE tail distribution in energy
space but its peak location does not coincide with the O point
in general. Also, consistent with the up-shift of RE vortex in

Figure 8. RE distribution, xf plog ,[ ( )], and phase-space flow at
different electric fields: =E E2.0 c (top), =E E2.5 c (bottom). The
=E E2.0 c case demonstrates that the G = 0p (red) and G =x 0 (blue)

curves intersect at both the O and X point.

Figure 9. Top: electron energy distribution at different electric field;
bottom: corresponding reconstructed energy flow speed.
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Outline 

•  Runaway Vortex: Momentum space topology of primary 
runaway distribution function 

•  Link of avalanche threshold to momentum space 
topological change ó O-X merger (disappearance of 
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Source of Secondary Electrons è Avalanche 

•  Avalanche instability arises due to large-
angle collisions of runaways with thermal 
electrons 

•  Rosenbluth-Putvinski (RP) secondary source 
provides a particularly simple picture: 
•  Runaway electrons assumed to be located 

at infinite energy on pitch-angle axis 
•  Fraction of “secondary” electrons kicked 

into runaway region ó leads to exponential 
growth of runaway population 

•  A more accurate picture of runaway avalanche 
can be obtained by considering a distributed 
source: 
•  Energy and pitch-angle distribution of 

primary electrons is accounted for 
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Source of Secondary Electrons è Avalanche 

•  Avalanche instability arises due to large-
angle collisions of runaways with thermal 
electrons 

•  Rosenbluth-Putvinski (RP) secondary source 
provides a particularly simple picture: 
•  Runaway electrons assumed to be located 

at infinite energy on pitch-angle axis 
•  Fraction of “secondary” electrons kicked 

into runaway region ó leads to exponential 
growth of runaway population 

•  A simple extension of the above model is to 
account for the energy/pitch-angle distribution 
of the primary electrons 
•  Leads to a distributed source of secondary 

electrons 
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Runaway Electron Solvers 
•  The relativistic Fokker-Planck equation is solved 

via two distinct approaches: 

•  Particle based solver 
•  Pitch-angle diffusion described by Monte Carlo 

collision operator [Boozer 1981], energy diffusion 
neglected 

•  Absorbing boundary condition assumed at low 
energy 

•  Continuum Fokker-Planck solver [Guo 2017] 
•  Considers direct solution of Fokker-Planck equation 
•  Solves for tail electron distribution while matching to 

a Maxwellian-Jüttner distribution at low energy 
•  Allows for accurate calculation of momentum space 

fluxes ó momentum space topology 
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A Common Model of Avalanche Instability 

•  Model includes [Liu et al. 2017]: 
•  Distributed secondary source term 
•  Test-particle collision operator  
•  Synchrotron radiation used to limit the 

runaway’s energy 

•  Model involves several idealizations: 
•  Does not incorporate self-consistent down-

scattering of primary electrons 
•  Uses constant Coulomb logarithm 
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Avalanche growth rate and threshold 
accurately reproduced by both the particle 
and continuum Fokker-Planck solvers 



Relation of Avalanche Threshold to Features of 
Primary Distribution 

•  Runaway vortex è necessary in 
order to confine runaway electron 
population at high energy 

•  Avalanche threshold well correlated 
with O-X merger over a broad range 
of parameters: 
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Merger of O-X Points can be Described 
Analytically 

•  Location of O and X points set by the crossing of 
the            and            surfaces 

•  Width of pitch-angle distribution to scale with the width 
of the runaway region         [Decker et al. 2016, Guo et 
al., 2017] 

•  Allows location of                       surfaces to be 
estimated: 
•  Provides physics based means of estimating O-X 

merger ó model can be easily extended to include 
a variety of physical processes 
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⇥�⇠Ē � C

F

� ↵p�
�
1� ⇠2

�⇤
f
e

= 0

�
⇠

= � �
1� ⇠2

�✓
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Ē � 1� p�2

2↵p� + Ē
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Avalanche Threshold: O-X Merger 

•  The avalanche threshold is closely tied to the 
O-X merger 
•  Presence of an O-point necessary to sustain a 

runaway population 
•  Avalanche threshold is largely independent of 

whether Rosenbluth-Putvinski source or more 
comprehensive source of secondary electrons 
is used 

•  Close agreement for a range of values of 
synchrotron radiation/Z numbers 
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⇥�⇠Ē � C

F

� ↵p�
�
1� ⇠2

�⇤
f
e

= 0

�
⇠

= � �
1� ⇠2

�✓
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Outline 

•  Runaway Vortex: Momentum space topology of primary 
runaway distribution function 

•  Link of avalanche threshold to momentum space 
topological change ó O-X merger (disappearance of 
runaway vortex) 

•  Self-consistent formulation of small and large angle 
collisions è Impact on avalanche threshold and growth 
rate 



•  Thus,                  ,                     , for relativistic electrons,                         
hence [Solodov-Betti 2009]: 

•  Form described in [Mosher 1975, Martin-Solis 2017] for free-free collisions 
use                  è leads to significantly larger Coulomb logarithm 
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Energy Dependent Coulomb Logarithm for 
Runaway Electrons 

•  The Coulomb logarithm for relativistic electrons can 
deviate significantly from that of thermal electrons 

•  Defining                               , where                 ,  

•  However, both the classical distance of closest 
approach b0 and the de Broglie wavelength     
scale with the relative momentum between 
colliding electrons: 
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Conservative Large-Angle Collision Operator 

•  Large-angle collisions often incorporated 
via a knock-on “source” 
•  Primaries evolved by Fokker-Planck 

collision operator 
•  Leads to inconsistent formulation ó large-

angle scattering of primary electrons not 
accounted for 

•  Redistribution of primaries can be accounted for by considering complete form 
of linearized Boltzmann collision operator: 

 
•  Ensures energy and momentum conservation from large-angle collisions 
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with ✓0 the pitch-angle of the primary electron and  is the scattering angle in the laboratory frame.

The Jacobian determinant can then be simplified to:
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•  Primaries evolved by Fokker-Planck 
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•  Leads to inconsistent formulation ó large-

angle scattering of primary electrons not 
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•  Addition of down scattering terms can 
result in double counting collisions 

•  The choice of an intermediate cutoff angle 
can be constrained by noting: 
1.  The large-angle collision operator assumes 

the thermal electron population to be cold, 
we thus require: 

2.  Only secondary electrons whose energy is 
greater/comparable to the X point location 
can runaway: 

•  Center-of-mass scattering angle        
related to         by: 
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Thus, the argument inside the logarithmic factor in Eq. (29) corresponds to the ratio of the Debye

length to the classical distance of closest approach, recovering the classical Coulomb logarithm.

Note, that if b0 < �
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, �
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is typically substituted for b0.

In order to complete the derivation of both the small-angle and large-angle collision operators

it will be necessary to determine �
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. To do this it will be useful to note that the large-angle

collision operator given by Eqs. (12), (15) and (16) assumes the thermal electron population to be

described by a delta function at � = 1. Thus, the accuracy of this term requires: (i) the primary

electron to have an energy much larger than the bulk temperature, e.g. m
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where the superscript LA indicates that these are cutoffs for the large-angle collision operator. We

note that while this cutoff is approximate, the result will only depend logarithmically on its value,

such that the results will be largely insensitive to the specific choice.

It will be useful to compare how the Coulomb logarithms derived above compare with the fa-

miliar form given in the NRL plasma formulary (see Fig. 2). A plot of the Coulomb logarithm

as described by Eq. (29) (e.g. �
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= ⇡/2, orange curve), Eq. (24) where �

LA

min

is given by

9

γ-1 

ξ 

�
p

= 0

sin2 �
LA

min

2
=

�
min

� 1

� � 1

�
min

� 1 ⌧ �
X

� 1

m
e

c2 (�
min

� 1) � m
e

v2
Te

/2

m
e

v2
Te

/2 ⌧ m
e

c2 (�
X

� 1)

ln⇤ = b
max

/b
min

b
max

= �
D

b
min

= max (b0,�dB

)

b
min

� bTe

min

ln⇤
rel

> ln⇤
Te

b0/�dB

⇡ 137/2

b0 ⇠ 1

p̄2
, �

dB

⇠ 1

p̄
, ln⇤

rel

> ln⇤
Te

ln⇤
rel

= ln
�
D

�
dB

�p ⇠
Z

�

LA
min

�min

d� sin� sin2 �

2

d�
m

d⌦

⇠ ln


2

�
min

sin
�
�LA

min

/2
��

+O (1) (1)

ln
⇥
sin

�
�LA

min

/2
�⇤

< 1

�
X

� 1

v2
Te

2c2

1

O (1/ ln⇤
rel

)

n
e

, T
e

, E, B

ln⇤
rel

= ln⇤
NRL

+ ln


c

v
Te

p
2 (� � 1)

�

Z
eff

, ↵ =
⌧
c

⌧
s

, ln⇤
NRL

,
v
Te

c

v2
Te

2c2

2

�p = 0

sin2 �
LA
min

2
=

�min � 1

� � 1

�min � 1 ⌧ �X � 1

mec
2 (�min � 1) � mev

2
Te/2

1

�
p

= 0

sin2 �
LA

min

2
=

�
min

� 1

� � 1

�
min

� 1 < �
X

� 1

m
e

c2 (�
min

� 1) � m
e

v2
Te

/2

m
e

v2
Te

/2 ⌧ m
e

c2 (�
X

� 1)

ln⇤ = ln b
max

/b
min

b
max

= �
D

b
min

= max (b0,�dB

)

b
min

⌧ bTe

min

b
min

= b0

ln⇤
rel

> ln⇤
Te

�
dB

/b0 ⇡ 137/2

b0 ⇠ 1

p̄2
, �

dB

⇠ 1

p̄
, ln⇤

rel

> ln⇤
Te

ln⇤
rel

(p) = ln
�
D

�
dB

(p)

�p ⇠
Z

�

LA
min

�min

d� sin� sin2 �

2

d�
m

d⌦

⇠ ln


2

�
min

sin
�
�LA

min

/2
��

+O (1) (1)

h�pi ⇠
Z

�

LA
min

�min

d� sin� sin2 �

2

d�
m

d⌦
⇠ ln


2

�
min

sin
�
�LA

min

/2
��

+O (1)

ln
hp

2 sin
�
�LA

min

/2
�i  0

�
X

� 1

v2
Te

/2c2

�LA

min

= �LA

min

(�
min

)

d�

dt̄
= � 1

�

✓
ln⇤

rel

ln⇤
Te

◆
+O

✓
1

ln⇤
rel

◆

1

�p = 0

sin2 �
LA
min

2
=

�min � 1

� � 1

�min � 1 ⌧ �X � 1

mec
2 (�min � 1) � mev

2
Te/2

1

�p = 0

sin2 �
LA
min

2
=

�min � 1

� � 1

�min � 1 ⌧ �X � 1

mec
2 (�min � 1) � mev

2
Te/2

mev
2
Te/2 ⌧ mec

2 (�X � 1)

1

�p = 0

sin2 �
LA
min

2
=

�min � 1

� � 1

1



•  Addition of down scattering terms can 
result in double counting collisions 

•  The choice of an intermediate cutoff angle 
can be constrained by noting: 
1.  The large-angle collision operator assumes 

the thermal electron population to be cold: 

2.  Only secondary electrons whose energy is 
greater/comparable to the X point location 
can runaway: 

•  Center-of-mass scattering angle        
related to         by: 

0 0.5 1 1.5

100

105

1010

χ

dσ
M
/d
Ω

Avoiding Double Counting Collisions 
Small-angle Large-angle 

considering the non-relativisitc limit of m
e

c

2
(� � 1) ⇡ m

e

v

2
/2, allows b(rel)0 to be approximated

by:

b

(rel)
0 ⇡ 2

r

e

�

=

e

2

2⇡✏0v
2
= b0. (30)

Thus, the argument inside the logarithmic factor in Eq. (29) corresponds to the ratio of the Debye

length to the classical distance of closest approach, recovering the classical Coulomb logarithm.

Note, that if b0 < �

dB

, �
dB

is typically substituted for b0.

In order to complete the derivation of both the small-angle and large-angle collision operators

it will be necessary to determine �

LA

min

. To do this it will be useful to note that the large-angle

collision operator given by Eqs. (12), (15) and (16) assumes the thermal electron population to be

described by a delta function at � = 1. Thus, the accuracy of this term requires: (i) the primary

electron to have an energy much larger than the bulk temperature, e.g. m
e

c

2
(�

0 � 1) � m

e

v

2
Te

/2;

(ii) the change of energy in a single collision to be much larger than the bulk temperature,

m

e

c

2
(� � 1) � m

e

v

2
Te

/2. The condition given by (i) results from the observation that the pri-

mary electron must have much more kinetic energy than a thermal electron in order to neglect the

thermal electron’s initial energy. Analogously, condition (ii) follows from noting that only when

the change of the thermal electron’s energy is much greater than its initial energy can we neglect

the initial energy of the thermal electron. Enforcing these constraints, allows

�

min

⇡ 1 +

1

2

⇣
v

Te

c

⌘2

= 1 +

T

e

m

e

c

2
, (31)

which implies a fractional energy cutoff of

⌫

LA

min

=

1

� � 1

T

e

m

e

c

2
,

and thus a small-angle cutoff of

sin

�

LA

min

2

=

q
⌫

LA

min

=

s
1

� � 1

T

e

m

e

c

2
, (32)

where the superscript LA indicates that these are cutoffs for the large-angle collision operator. We

note that while this cutoff is approximate, the result will only depend logarithmically on its value,

such that the results will be largely insensitive to the specific choice.
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Modified Coulomb Logarithm 

 
•  Coulomb logarithm reduced by a factor: 

•  Leads to a significant reduction of Coulomb logarithm used in Fokker-
Planck equation (10-20%) 

•  Introduction of additional cutoff 
angle modifies Coulomb logarithm 
used in Fokker-Planck equation 

•  The drag coefficient in the Fokker-
Planck equation is proportional to: 
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Sensitivity to Intermediate Cutoff 

•  Necessary to assess the sensitivity of 
the avalanche growth rate to the 
intermediate cutoff angle 
[                          ] 

•  Broad regime of insensitivity evident: 
•  For         too large, the avalanche 

growth rate underestimated ó 
incorrectly omits secondary electrons 

•  Formalism invalid for energies 
comparable to the thermal energy 
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Contrasting Current Model with Previous Model 

•  Addition of conservative large-angle 
collision operator + modified 
Coulomb logarithm reduces 
avalanche growth rate 

•  Useful to identify which additional 
physics has strongest impact on 
avalanche growth rate: 
•  Consider additional case        

with                           , but without 
conservative large-angle collision 
operator  

•  Conservative large-angle collision 
operator has a modest impact on 
avalanche growth rate once double 
counting constraint is accounted for! 
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Contrasting Current Model with Previous Model 

•  Addition of conservative large-angle 
collision operator + modified 
Coulomb logarithm reduces 
avalanche growth rate 

•  Useful to identify which additional 
physics has the strongest impact on 
avalanche growth rate: 
•  Consider additional case        

with                           , but without 
conservative large-angle collision 
operator  

•  Conservative large-angle collision 
operator has a modest impact on 
avalanche growth rate once double 
counting constraint is accounted for! 
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Impact of Large-Angle vs. Small-Angle 
Collisions 

•  Use of conservative large-angle 
collision operator involves a tradeoff: 
1.  Introduces additional down-

scattering of primary electrons 
2.  To avoid double counting, 

Coulomb logarithm is reduced 
by: 

•  Both modifications scale with 

•  Leads to modest impact on 
avalanche growth rate 
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✓
⇠
@f

e

@p

◆
+

1� ⇠2

p

@f
e

@⇠
= C (f

e

) + C
rad

(f
e

) + S
sec

(f
e

)

�
p

=
⇥�⇠Ē � C
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Ē � ↵

p

�
⇠ +

C
B

p

@ ln f
e

@⇠

◆
f
e

= 0

�⇠ =
p
2�⇠

p

⇡
p
2
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�⇠
p

�
p

= 0

�
⇠

= 0

�
p

= �
⇠

= 0

�
p

> 0

2

Secondary 
electron 

Primary 
electron 

Runaway region 

�
p

=
0

si
n
2
�
L
A

m
i
n

2
=

� m
i
n

�
1

�
�
1

� m
i
n

�
1
⌧

� X
�
1

m
e

c2
(�

m
i
n

�
1)

�
m

e

v2 T
e

/2

m
e

v2 T
e

/2
⌧

m
e

c2
(�

X

�
1)

ln
⇤
=

b m
a
x

/b
m
i
n

b m
a
x

=
�
D

b m
i
n

=
m

a
x
(b

0
,�

d
B

)

b m
i
n

�
bT

e

m
i
n

ln
⇤

r
e
l

>
ln
⇤

T
e

b 0
/�

d
B

⇡
13
7/
2

b 0
⇠

1 p̄2
,

�
d
B

⇠
1 p̄
,

ln
⇤

r
e
l

>
ln
⇤

T
e

ln
⇤

r
e
l

=
ln

�
D

�
d
B

�
p
⇠

Z
�

L
A

m
in

�

m
in

d�
si
n
�
si
n
2
� 2

d�
m

d⌦

⇠
ln


2

�
m
i
n

si
n
� �

L
A

m
i
n

/2
��

+
O
(1
)

(
1

)

h�
pi

⇠
Z

�

L
A

m
in

�

m
in

d�
si
n
�
si
n
2
� 2

d�
m

d⌦
⇠

ln


2

�
m
i
n

si
n
� �

L
A

m
i
n

/2
��

+
O
(1
)

ln
h p

2
si
n
� �

L
A

m
i
n

/2
�i


0

� X
�

1

v2 T
e

/2
c2

�
L
A

m
i
n

=
�
L
A

m
i
n

(�
m
i
n

)

d� dt̄
=

�
1 �

✓
ln
⇤

r
e
l

ln
⇤

T
e

◆
+
O
✓

1

ln
⇤

r
e
l

◆

1

and pitch-angle scattering terms in the Fokker-Planck collision operator. This latter effect tends

to increase the avalanche growth rate. Both of these corrections roughly scale as 1/ ln⇤, and thus

tend to offset one another. Any difference will be due either to small differences in scattering rates

between a Fokker-Planck versus Boltzmann description, or slightly different assumptions made in

the collision operators. For example, the Boltzmann formulation uses the complete Møller cross

section whereas the Fokker-Planck formulation only incorporates the leading term. In addition, in

the Boltzmann formulation we have assumed the bulk electrons to be cold, whereas the Fokker-

Planck description has allowed for a finite temperature thermal plasma. Both of these differences

will lead to slightly different slowing down and pitch-angle scattering rates for the two different

collision operators.

Aside from comparing integrated quantities such as the avalanche growth rate and threshold, it

will be useful to compare the form of the runaway tail distribution function. Such a comparison

is shown in Fig. 9. Here, the two distribution functions can be verified to have a nearly identical

structure. Specifically, the presence of a source of secondary electrons that is strongly peaked at

low energy can be verified to lead to a runaway electron distribution also peaked in this region

for both cases. Considering a plot of the energy distribution of runaway electrons, it is evident

that while at low energy the runaway electron distributions are near identical, at high energies a

small deviation is present, with case 2. dropping slightly more rapidly. Such a small deviation,

is however, very modest and is unlikely to strongly impact the avalanche instability. It is thus

apparent that the simple, commonly employed approach described by case 2. above provides an

accurate means of estimating the avalanche growth rate and threshold.

V. CONCLUSIONS

The principal results of this paper can be summarized as follows:

1. a conservative large-angle collision operator appropriate for the study of runaway electrons

has been derived from the Boltzmann equation. This conservative form of the large-angle

collision operator has allowed for the self-consistent treatment of the down scattering of

primary electrons coincident with the generation of secondary electrons,

2. the conservative large-angle collision operator has been used to define a mixed Fokker-

Planck-Boltzmann formulation, whereby small-angle collisions are treated via a Fokker-

27
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Avalanche Threshold Well Described by O-X 
Merger 

•  O-X merger model of primary distribution 
can be modified to incorporate a more 
accurate Coulomb logarithm 

•  Predicted avalanche threshold in good 
agreement with O-X merger for a broad 
parameter range 
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⇥�⇠Ē � C

F

� ↵p�
�
1� ⇠2

�⇤
f
e

= 0

�
⇠

= � �
1� ⇠2

�✓
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Conclusions 
•  O-X merger of primary distribution identified as a reliable indicator of 

avalanche instability ó runaway vortex necessary to confine 
runaway electron population: 
•  A robust, and highly malleable, analytic model describing the O-X 

merger of the primary distribution has been developed 

•  A conservative large-angle collision operator appropriate to the 
description of runaway electrons has been derived: 
•  Systematic procedure for delineating small and large angle collision 

operators developed 

•  A more comprehensive avalanche model that self-consistently treats 
large-angle scattering events and incorporates a Coulomb logarithm 
appropriate for runaway electrons has been derived 
•  Significantly modifies the avalanche growth rate and threshold 





Relation of Avalanche Threshold to Features of 
Primary Distribution 
•  Interested in identifying how the avalanche 

threshold is correlated with features of the 
primary distribution function 

•  We will consider a comparison with two 
features of the primary distribution: 
1.  Merger of O-X point ó necessary in order 

to confine runaway electron population at 
high energy [Guo et al. 2017] 

2.  Formation of a pitch-angle averaged bump 
ó prominent role in attractor picture 
[Aleynikov-Breizman 2014] 

•  Avalanche threshold most closely 
correlated with O-X merger over a broad 
range of parameters: 
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